was not addressed in reference, [8, while the second was circumvented by calculating deflections on the tooth axis instead of at the contact point, thus losing the effect of local compression. The present paper is an attempt to show how these two problems can be dealt with in order to obtain a more accurate value of tooth flexibility at each point (If tne line of action for a given pair of spur gears. IJt.t<liled calculations can be found in reference. (13) 
Basic Displacement Equations
It has been shown C1ti that, for one tooth protruding out of a half plane, and subjected to a concentrated normal force W (Fig. 1) , displacements 11 and "I) are given by: (I) where 11l (r) is the conformal mapping of the tuoth profile: and the potentials I1lCt) and", (I) are given by:
Coordinates (x,y) in the a-plane are in inches,~hat is. they correspond to a diametral pitch P = 1. For any other pitch, one should multiply them by 11 P. The same remark applies to the various figures of this paper. (4) Parameters c. tlk' ble (k "" 1. 2 ....
, 11) h,IVl' to be calculated for each given profile. Once they ars known, one sees that displacements Il and tI can be obtained from equation 
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Indeterminacy of Displaoements
Although a minor problem from the mathematical point of view, indeterminacy of displacements cannot be treated lightly for practical applications. Indeed, a shift in the dispIacements yields a corresponding increase or decrease of the tooth flexibility. If one compares the displacements or flexibility curves published by various authors, (see, for example reference), (9) one notices that, although very similar in shape, they appear shifted born one another; the shifts are so large that one can get values differing by more than 100 percent for a given tooth, The way to eliminate the arbitrary constants is to select a. reference point and subtract its displacements from those obtained at the point of interest with the same formulae. Alternatively, an equivalent approach is to define a. point as fixed in the solid. The disagreement between published displacement curves seems to come mainly from the selection of a reference point (or of a fixed boundary).
"0
Gear Technologly' ]t is shown in Fig. 2 how nondirnensional displacements u and v vary along the axis of a. standard tooth under tip loading. For example, if one takes the reference point on the axis, at 3.4/ Pfrom the pitch circle, the displacement u at the tip is 15,3, At 5.41 P it is 15 .. 6,. and at 7.5/ P it is 15.7, a variation of less than 1 percent. Thus, it is important to select the reference point deep enough. However, beyond a certain depth, displacements vary very slowly. For thin rim gears, the reference point should of course, be chosen within the rim (and rim deformation should be taken into account separately).
In the follow.ing study, 'the reference point .is taken on the tooth axis at twice the tooth height under the root circle. For a standard AGMA profile, this corresponds to a depth oJ 4.SIP from 'the root circle or 5,7SI? from the pitchcircle.
Displacements at tlle Contact Point
In 'order to obtain the flexibility of a given pair of mating teeth,one has to obtain the displacement component of the contact point in the direction of the line of action. However, as mentioned earlier, equations (1) to (4) have been obtained for a concentrated load W, which makes these equations Singular precisely at the contact point. Three approaches may be considered to avoid that problem:
(a) Calculate the displacements on the line of action at a given depth under the surface. This approach has been used in reference, (8) where the selected point is the in- and recalculate the potentials. This is, of 'course, the mathematically exact approach. However, it leads to very cumbersome calculations only to gel a correct displacement field near the load. Moreover, these expressions depend in a nonlinear fashion on the pair of mating gears, and on the load transmitted, (c) Utilize the point load solution and correct it near the point of contact. ]n this approach, one considers that in the immediate neighborhood of that point, displacements behave in the same fashion as for a half plane under the same type of load, either concentrated or distributed. It is indeed possible, in this case, to, establish a relationship between the two types 01 solution and apply it to the tooth problem. This is shown in the following.
Displacements for points on the line of action, calculated with the poin't load solution are shown in Using Westergaard's potentials, [5) one finds the corresponding displacement ofa Hertz elliptical di tribution load, within a constant, as: Obviously, far enough from the boundary, solution (8) should converge to solution (5), Thus, letting y tend tooe in equation (8) and comparing with equation (5) yields the constant C:
Thus, in the case of the elliptic load, displacement at the boundary point .::t = Y = 0 is obtained from equations (8) and (9) :
Typical curves YPoand YHoare represented in Fig. S. .One sees that, at certain depth Yo under the surface (Fig. 6): 
VH,,(O)=Vpo (Yo)
Letting h = Iyo II, this relation yields: be calculated using the classical Hertz formulas(14J and will depend on the mating gears (size and material), on the load transmitted, and on the locationon the line of action, since profile curvature varies from point to point.
Calculation of Tooth lFIexibility It is important to note that these curves are independent of the absolute dimensions of the gear. The flexibilitycurve obtained by Comell(1O) for the same profile is also shown in Fig. 7 . It does not indude the local deformation since that deformation would depend on the mating gears geometry, as well as on materials and transmitted loads. Indeed, for a given pai:r of gears, and a given tangential load W, one has to cakulatethe corresponding depth of calculation h at each loading point, The resulting flexibility curve is shown in Fig. 8 Besides, if the contact ratio is taken into account, there is a decrease in the load W when two pairsare in contact.
Paradoxically, the flexibi.lity curves seems to indicate a slightly higher nomina] deflection in that case than when only one pair is in contact. This is due to the fact that for a given pressure at pitch point contact pressure is lower in the double contact region, yielding a smaller contact width b, and a smal.1er depth h. Thus, nondimensional flexibility curves 6 0 = c5E/W are discontinuous between single and double contact f,egions, owing to the fact that contact pressure is nonlinearly related to W.
In the load-sharing case, one should calculate deflections iteratively since pairs of gears, at a given instant, have at different flexibility. Thus to know how they share the total load W, one has to know the flexibility curve.
That effeet on nondimensional displacement 00 = oeEI W is due mainly to the Hertz effect (local compression), which varies as W" ,and it is easily verified that very little discrepancy is obtained on the nondimensional flexibility curve by letting each pair in contact share the load equally, The approximate curve thus obtained can then be used to calculate the real distribution ..
Finally, the global flexibility curve fora given pair of gears. is obtained by adding the separate curves for each gear. fig.  9 shows the case of a pair of identical standard AGMA gears with indicated parameters. The CPM flexibility curve is compared with that obtained using Weber's approach. In this case, agreement is quite good except for a shift of one curve with with respect to theother, due to a diHerent way of selecting a reference point.
Conclusion
It has been shown how expressions obtained through CPM, in the point load case, can be used to calculate displacements at the contact point of a given pair of spur gears, First a proper reference point has to be selected; then, displacements have to be calculated ata certain depth under 'the surface. 7+----+----4-----r----+----4----4. 14 Gear TechnolOgy of the contact zone as calculated from Hertz's theory. Contact width may be calculated at each point on the line of action and depends in a nonlinear fashion on absolute dimensions, material properties and transmitted load. This being known, the flexibility curve for the given pair of gears may be obtained, including the load sharing effect. Comparison with published results by Weber, (3) Chabert, (7) and Cornen(lO} shows good agreement regarding the shape' of flexibility curves, except for a slight shift between these curves, which is due, probably, to the selection of different reference points. Fig. 1 . Also, section thickness has considerable influence on the maximum hardness obtained for a given set of conditions; the thicker the section, the slower the quench rate will be. Variations in test bar hardenability curves for various 0.20-percent carbon and alloy steels is shown in Fig. 2 . Similar hardenability curves for 8600 alloy steels with various carbon contents is shown in Fig. 3 . Maximum hardenability of case-hardened 8620 steel is achieved, Fig. 4 , when the case carbon concentration is O.80-percent.
H-steels are guaranteed by the supplier to meet established hardenability limits for specific grades of steel. These steels 46 Gear Technology Hardenability of H-steels and a steel with the same chemical composition is not necessarily the same. Therefore, H-steels are often specified when it is essential that a given hardness be obtained at a given point below the surface of a gear tooth. (continued from page 14) 
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